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By an Abelian H-space we mean a connected CW complex with an H- 
space structure that is homotopy associative and homotopy commutative. A 
space T provided with a map i: X ^ T wih be called the Abelianization of X 
if T is an Abelian H-space which satisfies the following universal property: 
for any Abelian H-space Z and any map f: X ^ Z there is an H-map 
f:T^Z, unique up to homotopy such that fi f. Given a space X, 
an Abelianization may or may not exist, but if it does it is unique. Thus 
an Abelianization plays a role for Abelian H-spaces analogous to the James 
construction for group like spaces. 

The problem of constructing an Abelianization for suitable spaces has re- 
ceived much^ecenta^tention. ( |Gra93j . |AG95j . [GraOlj . |Grb06a] . |Grb06bj . 
[NeiOOj . |The01| . [TheOSj ). This concept was first discussed in |Gra93] , which 
took up the question of whether the Anick space T2n-i{p^) is the Abelian- 
ization of the Moore space = S'^^~^ Upr-e^". The Anick spaces (see 
|AG95] . |Ani93| ) are certain H-spaces that lie in a fibration sequence: 

where 7r„, is the Cohen-Moore-Neisendorfer map of degree p'' . One of our 
conclusions is that T2n-i{jp^) is not the Abelianization of This con- 

clusion is not consistent with the results of [TheOl] , where several arguments 
appear to have gaps. 

In [Gra93] , a secondary EHP sequence was developed involving the spaces 
T2n-i{p^) and spaces T2n{p^) {T2n{p^) is the fiber of the degree p^ map 
on S'^"'*'^). Some sort of universal property was needed to form the compo- 
sitions necessary for the EHP machine. T2n{p^) was shown to be the Abelian- 
ization of the Moore space but the properties of T2n~i{p^) were 
unresolved. 

The goal of this work is to study the conditions under which an Abelian- 
ization exists as well as to seek a more restricted universal property which 
is appropriate for the Anick spaces. 

In particular, we prove the following: 

Proposition 1.2. Suppose T is an Abelianization of X and k = ¥p or Q. 

Then 

H4T;k)^S{H4X;k)) 

where S{V) is the symmetric algebra on the vector space V. 
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We will say that a graded Abelian group G has torsion exponent p'' if 
each element of G of finite order has order < . 

Proposition 2.2. Suppose T is the Abelianization of X. Then the torsion 
exponent of H*(T) is the same as the torsion exponent of H*{X). 

The next result severely impacts the question of which spaces X allow an 
Abelianization. 

Theorem 2.3. Suppose that H^{X) has bounded torsion and that p*'^ pow- 
ers are trivial in H*(X; Z/p). Then if an Abelianization T exists for X, 
H2n-i{X) is free for all n. 

Every known example of an Abelianization T of a space X satisfies the 
condition that the //-map Q.SX A- T extending the inclusion i: X ^ T has 
a right homotopy inverse. We call such an Abelianization split. In section [3] 
we study H-spaces T together with a map h: ^ISX — )• T which is split. In 
this case we construct a fibration sequence: 

(3.1) nsx \ t ^ SX 

where i? is a co-H space. We also introduce the "universal Whitehead prod- 
uct" map (See [TheOlj ^ W = Vu; 

nsx * nsx ^ sxv sx ^ sx 

where uj is the fiber of the inclusion: SX V SX — )■ SX x SX and V is the 
folding map. We prove: 

Theorem 3.7. Suppose T is Abelian and split. Then ifir factors through W , 
T is the Abelianization of X 

nsx * nsx 



In section [J] we survey the known examples of Abelianization and analyze 
them from the point of view of section [3l 

In section [5] we return to the problem of finding a suitable universal prop- 
erty for the Anick spaces. We will call an H-space. Z a suitable target for 
p'^ri^pT-^ iff each map /: P^"(p^') — > Z has a unique extension to an H-map 
/: T2n-i{p^) Z. We introduce the following torsion condition: 

Definition 5.6. A space Y is (n, r)-subexponential if for each s ^ 1, 

P^+^-V„p.(y;Z//+^) = 0. 

We then conclude that a generalized Eilenberg-MacLane space is a suit- 
able target for T2n-iip^) iff it is (2n,r) subexponential. In fact: 



UNIVERSAL ABELIAN H-SPACES 



3 



Theorem 5.7. (a) If Z is any space which is {2n,r)-subexponential, then 
every map f: P'^^{p^) QZ extends to a map f: T2n-i{p^) Z. 
(b) If Z is a {2n,r)-subexponential H-space and there is an H-map 

J: T2n-l{pl ^ Z 

extending f: Z, then f is unique up to homotopy. 

The question of whether the Anick spaces are Abehan H-spaces is as yet 
unresolved. In [TheOl] an argument for the afhrmative was presented, but 
it rehed on some of the same unpubhshed details used in the claim that the 
Anick spaces are the Abelianization of the Moore space. In section [6] we 
prove: 

Corollary 6.4. If T2n-i{p^) is homotopy associative and Z is a (2n,r)- 
suhexponential double loop space, then Z is a suitable target for T2n-i{p^)- 

Throughout this paper, all spaces will be connected, localized at a fixed 
prime p, and of finite type. I would like to thank Jim Lin for help with 
section [2l Fred Cohen, and especially Joe Neisendorfer for many helpful 
discussions. 

1. 

In this section we will assume given a space X with an Abelianization T. 
Given a graded vector space V , we will write S{V) for the symmetric algebra 
on V . This is the free commutative algebra generated by V and is a tensor 
product of polynomial algebras on a basis for V modulo the relation = 
when x has odd degree. If 1/ is a co-algebra, S(y) is a Hopf algebra. 

For later purposes we will only assume that the map i: X — >■ T is universal 
for a selected list of target spaces. 

Proposition 1.1. Suppose k = '¥p or Q, and i: X ^ T is universal for the 
targets fl'^S'^X and K{k,m) for all m. Then 

H^{T;k)^S{H^{X-k)). 

Proof. Since T is Abelian, there is a map of Hopf algebras: 

6: S{H^{X-k)) ^ H^T-k). 

We first show that is a monomorphism. Using the universal property we 
construct an H-map: 

7: T ^ n'^s'^x 

extending the inclusion of X in Q'^S'^X. We claim that the composition: 

S{H^{X; k)) A H^{T; k) -> H^fl^S^X; k) 

is a monomorphism. In the case that k = Fp, this follows from the work 
of Cohen |iCoh76i. 3.2] where the author shows that H^{n'^S'^X;¥p) is a 
symmetric algebra on certain generators which include the generators of 
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H^(X; k). Thus is a monomorphism in this case. In case k = Q, choose a 
basis {xi} for H*{X;Q) and let Xi be a dual basis. Then the map: 

Uxi-. X ^UK{Q,\xi\) 

is a monomorphism in rational homology. Using the universal property for 
each factor, we construct an extension: 

X 5^^nK(Q,|xi|) 




T 



Since H^{IIK{Q, \xi\)) is the symmetric algebra on the Xi, it follows that 6 
is a monomorphism in this case as well. 

We will show that 6 is an epimorphism by showing that the dual 

e*: H*{T;k) ^S*{H4X;k)) 

is a monomorphism. Choose an element ^ G H'^{T; k) in the kernel of 9* of 
least possible dimension. 

Let fi: T X T ^ T he the H-space structure map, so 

fi* : H*{T; k) H*{T x T; k) ^ H*{T; k) ® H*{T; k) 

defines the coalgebra structure. Then 

(r ® r)(M*(0) = v*(r (0) = 0. 

Suppose = ^ 'X' 1 X] "8) + 1 (8> ^ where and ^'1 have dimension less 

than n. We then get: 

However 9* 9* factors: 

H*{T- k) ® H*{T- k) S* H*{T; k) S* ® S* . 

Since 9* is a monomorphism in dimensions less than n this composition is 
a monomorphism when restricted to W{T; k) (8> H^{T; k) with i,j < n. It 
follows that ^ is primitive. Represent ^ on H-map 

^:T^K{k,n). 

We need only show that : X — >■ if (fc, n) is trivial to conclude that ^ is 
trivial and hence 9* is a monomorphism. But i* factors: 

H*{T-k) ^S* ^ H*{X-k) 

since the inclusion H^{X;k) H^{T;k) factors through S{H^{X;k)). So 
= since 6'*(0 = 0. □ 

Consequently a much weaker universal property — for example restricting 
acceptable targets Z to be double loop spaces — is sufficient to calculate the 
homology. As a corollary, we have 
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Proposition 1.2. Suppose T is the Abelianization of X and k = ¥p or Q. 

Then 

H^{T;k)^S{H^{X;k)). 
2. 

In this section we will develop some general properties of an Abelian- 
ization T of X and conclude that there are some sever limitations on the 
spaces X that are available. 

Recall that if Z is an H space a class ^ € H"^{Z; G) is called primitive if 
the corresponding map: 

^: Z ^ K{G,m) 
is an H-map. This is equivalent to the equation: 

where /i: Z x Z — )■ Z is the H-space structure map, and vTj is the i"^ projec- 
tion. Let PH*{Z] G) be the subgroup of primitive cohomology classes. 

Lemma 2.1. Suppose T is the Abelianization of X. Then 

■*. pH*(T;G) H*{X;G) 

is an isomorphism. 

Proof. This is immediate from the universal property. □ 

We will say that a space has cohomology torsion exponent p"^ if each 
cohomology class of finite order has order dividing p'". Since all spaces we 
are considering are of finite type, the cohomology torsion exponent is the 
same as the homology torsion exponent. 

Proposition 2.2. Suppose X has cohomology exponent p^ and T is the 

Abelianization of X. Then T has cohomology exponent p^ . 

Proof. Since the inclusion X Q^X^X extends over T, S'^X is a retract 
of S'^T, so the exponent of X is less than the exponent of T. Suppose X has 
cohomology exponent p^ and ^ e H'"^{T) has order p*""*"^. Suppose that m is 
the minimal dimension in which such a class can occur. We will show that 
p"^^ is primitive. This will imply that p^^ = by 12.11 completing the proof. 
To accomplish this we examine the cohomology group H'^{T A T) using a 
Kiinneth Theorem available for all spaces of finite type |HW60t 5.7.26] 

H'^iTAT)^ H\T)®W{T)® Toi {H\T), W {T)). 

i+j=m i+j=m+l 

Since H^(T) is free, all nonzero terms on the right involve cohomology groups 
of dimension less than m; hence H"^{T A T) has homology exponent at 
most p"^. Thus ^i*{p^O has no middle terms and p'^^ is primitive, completing 
the proof. □ 
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The next result is particularly useful when either X is a co-H space or all 
Steenrod operations are trivial in X. 

Theorem 2.3. Suppose H^,{X) has bounded torsion and p*^ powers are 
trivial in H*{X; Z/p). Then if X has an Abelianization, H2n-i{X) is free 
for all n. 

Proof. Suppose T is an Abelianization of X. We first show that all p^^ 
powers are trivial in H*(T; Z/p). The map 

V: H*{T;Z/p) ^H*{T;Z/p) 

defined by V{(,) = is a map of Hopf algebras, as is its dual 

V,: H,{T;Z/p) ^ H,iT;Z/p). 

■p* is determined by its action on generators, all of which are in the image 
of Z/p). Since V is trivial when applied to X, V^, is as well. Thus V^, 

and V are trivial when applied to T. 

We will suppose now that there is an element y G H2n-iiX) of finite 
order with r > 1 and r maximal. Using the exact sequence: 

(2.4) • • • ^ Hk+i{X; Z/p) 4 Hk{X) 4 Hk{X) A Hk{X; Z/p) ^ . . . 

we choose x' G H2n{X; Z/p) with dx' = p^''^y and let y' = p{y). Then 
/3^'^\x') = y' . Choose dual classes x' and y' with {x',x') = 1 = {y' ,y') and 
I3^'^)y' = x' . Now extend x' and tf to primitive cohomology classes x and y 
in H*{T; Z/p). Let x = i^{x') and y = i*{y') so {x,x) = 1 = {y,y). We now 
appeal to the theorem of Browder: 

Theorem 2.5 ( |Bro62t 5.4]). Let T be an Abelian H-space and x G , 
I3^'^\x) = y G E2n-i where E^*^ is the Backstein spectral sequence. Then if 
r > 1 /3('^+i)(a;P) = {xP-'^y}'~the class of x^-^y in e':^ '^}} . 

Note that Browder's theorem does not assert that {x^^^y} 7^ 0. Our first 
task will be to determine this. Suppose that x'P~^y = /3(^)(z) for some z and 
s < r. Observe, by induction on k, that 

{x^y,x^y) = k\ 

since x and y are primitive. Thus 

{p-l)\ = {xP-'y,xP-'y) = (/3W(z),F-V) = {z, f^^'Hx^-'y)) . 

But /3^'^^y = and P^^^x = for s < r, so we must have s = r. Since 
= X, we get 

(p-l)! = (z,F). 

Since p^^ powers are trivial in H*{T; Z/p), we conclude that no such z can 
exist and /3('^+i)(xP) 7^ in £^£^1^. It follows that there is an element of 
order p^~^^ in Hj,{T). By 12.21 there must be an element of H^{X) of order p^ 
contradicting the choice of r being maximal. This completes the proof in 
case r > 1. 
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Now suppose that each element of H2n-iiX) of finite order has order p. 
Write: 

H,{X) = F(BTe(BTo 
where F is free with a basis {zi, . . . ,2^}, Tg is a sum of cychc groups of 
even degree generated by {ei, . . . , e^} and To is a sum of cychc groups of odd 
degree generated by {yi . . .yk}- Using [2^ construct corresponding classes in 
H4X;Z/p) z[, e'2, y[, f[ and x[ with = e^, and /3(i)(x9 = y[. Using 

a monomial basis, construct dual classes 2^, e^, y^, in H*{X; Z/p) and 

extend these to primitive cohomology classes Zj, ej, y^, /j, Xj in H*{T; Z/p). 
Write Zj, ej, yi, fi and for the images of z'-, e-, ?/■, x- in if^,(r; Z/p). 

Suppose now that 2n = jxil < \xi\ for all and we relabel xi as x. Since 
f3^^\xP) = 0, dx^ is divisible by p. Since |(9x^| is odd, this implies that 
dx^ = so x^ = p(x) for some class x G H2np{T). We claim that x has 

infinite order. If not xP = /3(^)(6') for some 9 G ^^^^+1- Let J C H^{T; Z/p) 
be the subalgebra generated by Cj, /j Zi. Then for ^ G J, /^'•^•'(O G J if it is 
defined. Now 

= z/p [x?, . . . , xf ] ® A (yixr\ . . . , y.xl') ® j). 

For s ^ 2, E^^') consists only of classes of elements listed here. For dimen- 
sional reasons, any possible 6 must be of the form 

6* = ^ cjixf + cr-yjxf + a 

where cjj, a[ and a are elements of J. Furthermore, |xj| = 2n for each i that 
can occur in this expression. Now |c7i| = 1 and [cr'[ = 2. Suppose then that 
/3^'^\6) = for all i < s; then we have 

which is in the ideal generated by J. Since x^ is not in this ideal, we conclude 
that (3^'\9) ^xP for any s or and x has infinite order. 

Now let H^{T) = F®T where F is free and T is a torsion group. We claim 
that F = Sz{F), the symmetric ring over Z of F. Consider the commutative 
diagram: 

Sz{F)^^H,{T) 



Sz{F) Q ~ Sq{F) H,{T- Q). 

Since the left and bottom homomorphisms are monomorphisms, a is too 
and Sz{F) C F. However the rank of Sz{F) is the same as the rank 
of Sq{F) ~ H:^(T;Q) = F (g) Q, so Sz{F) and F have the same rank. 
Consequently F = Sz{F) and x G -F must be of the form: 

X = f{zi,. . . ,Zm) 
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for some polynomial /. Apply p to this equation to get 

x{ = 6{zo, ■■■,Zm) 

which is a contradiction. □ 

Note: We have few examples of spaces which allow an Abelianization, 
and 12.21 and 12.31 suggest that the possibilities are limited. We suggest here 
one method of finding Abelianization. This comes from the observation that 
if X and X U e" both have an Abelianization, there is a fibration 

T{X) T{X Ue e") ^ r(5"). 

This is particularly useful if n is odd and p > 2>. In this case T{S^) = S*" 
and T{X U e*) can be constructed from clutching data: 

S"~^ X T{X) T{X) 

obtained from the map 9: — )• X and the H-space structure on T[X). 

3. 

In this section we will begin with an H-space T and a map i: X ^ T. We 
will not assume that T is the Abelianization of X. Recall the Hopf quasi 
fibration ([DL59], |Sug57| ) 

T ^T*T ^ ST 

where the inclusion T ^ T *T is null homotopic. We construct an induced 
fibration sequence: 



nST T ^ T*T ^ ST 



(3.1) 



3 



Si 



nsx T ^ R '-^ sx. 



Note that if T is homotopy associative, fi is an H-map ( |Gra061 Proposi- 
tion A3]) and consequently h is an H-map as well. 

Definition 3.2. We will say that T is split if the map h: QSX T has a 
right homotopy inverse. 

Proposition 3.3. Suppose T and SX are atomic^ Then the following are 
equivalent: 

(a) T is split 

(b) the inclusion Si : SX — ?> ST has a left homotopy inverse 

(c) Given a mapf: X ^ Z where Z is an H-space, there is an extension 
f:T^ Z; i.e., fi ~ /. 

Note: We are not asserting that / is an H-map in (c) or that it is unique. 



*Being atomic implies that the first nontrivial homotopy group is cyclic, and any self 
map inducing an isomorphism in this cyclic group is a homotopy equivalence. 
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Proof, (a) =^ (b). Let g: T ^ QSX be a right homotopy inverse for h. 
Suppose that X is {n — l)-connected and 7r„(X) ^ 0. Then g and h induce 
inverse isomorphisms in 7r„ = Hn- Thus the adjoint of g 

g: ST SX 

induces an isomorphism of Hn+i- Consequently the composition: 

SX ^ST ^ SX 

induces an isomorphism in Hn+i- Since SX is atomic, e = g{Si) is an 
equivalence. Then e~^'g is a left homotopy inverse to Si. 

(b) =^ (c). Let Ij: ST SX be a left homotopy inverse to Si. Consider 
the composition: 

T A ^SX ^ z 

where g is the adjoint of 5 and /oo is an extension of / given by a choice of 
association in the James construction. Then fi ~ /. 

(c) ^ (a). Using (c), construct a map g: T ^ VlSX such that gi is the 
inclusion of X in VtSX. Taking adjoints, we see that 

SX ^ST ^ SX 

is homotopic to the identity. So (b) follows and hgi i. Suppose that T is 
n — 1 connected and vr„(T) is a nontrivial cyclic group. Then i^, : 7r„(X) — > 
7r„(r) is an isomorphism since a cyclic group has no nontrivial retracts. It 
follows that 

{hg),:7TniT)^TTniT) 

is an isomorphism as well. Since T is atomic, hg is an equivalence and 
g{hg)~^ is a splitting. □ 

Remark 3.4. It is easy to see that if T is atomic, X is atomic; for any 
map f: X ^ X induces an H-map / : T ^ T. If X is n — 1 connected and 
/ induces an isomorphism in 7r„(X), then / will induce an isomorphism in 
7r„(T). Hence / is an H-equi valence. Since PH*{T; Z/p) ~ H*{X; Z/p), 
it follows that / induces isomorphisms in cohomology and hence it is an 
equivalence. 

Proposition 3.5. If T is split, R V ST ~ SX xi T and hence R is a co-H 
space. 

Proof. Each fibration: 

SK 

is given by a clutching construction ( |Gra881 lb]) and there is a natural 
homotopy equivalence: 

E/F c^SK xiF. 

Applying this we see that 

R/T ~ X T 

Since T is split, the map T ^ R is null homotopic, so R/T ~ i? V ST. □ 
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Proposition 3.6. Suppose T is split and Z is an H-space. Then two H- 
maps /o, /i : T ^ Z are homotopic iff foi ~ fii : X — )• Z. 

Proof. Let J{X) be the James construction on X filtered by Jk{X). Let 
hk'- Jk{X) — 7- T be the composition: 

Jk{x) j{x) nsx ^ T. 

Let JI: T X T ^ T he the H-space structure map. According to ( [GraOlt 
A3]), /ifc satisfies the inductive formula: 

hk{xk, Xk-i, . . . xi) = ]l{i{xk), hk-i{xk^i, xi)). 

Thus we have a homotopy commutative diagram: 

ixht^i fiy.fi 

X X Jk-i{X) TxT -J^J^ ZxZ 



hk 



Jk{X) T Z 

where i = 0, 1. Suppose f^i ~ fii and /o/ifc-i ~ /i^fe-i- Then foh^a ~ 
fihkO. Since S{a) has a right homotopy inverse and Z is an H-space, we 
conclude that fohk ~ fihk- However these homotopies may not be com- 
patible. This is similar to a phantom map situation where the filtration is 
not by skeleta or compact subsets but by the James filtration. This can be 
handled by the same methods (see |Gra65j ). Define 

oo 

V = V '^'^ w 

A:=0 

and construct a cofibration sequence: 

V J{X) C{X) ^SV ^ SJ{X). 

The map SV SJ{X) has a right homotopy inverse, so the map SJ{X) — )• 
SC{X) is null homotopic. Now the difference 

S{foh)-S{fih): SJ{X)^SZ 

is null homotopic when restricted to SV since fohk ~ fihk for all k. Thus it 
factors over SC{X) and is consequently inessential. Thus S{foh) ~ S{fih). 
Since Z is an H-space foh ^ fih: ^ISX —^T^Z. Since T is split, we have 
/o - fi- □ 

We see that if T is split extensions exist and if we have an extension which 
is an H-map, it is unique. The hard part is to construct extensions which 
are H-maps. The next result addresses this issue. 

Recall ( [TheOl] ). the universal Whitehead product W, which is the com- 
position: 

nsx * nsx ^ sxv sx ^ sx 

where to is the fiber of the inclusion of SX V SX in SX x SX and V is the 
folding map. 
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Theorem 3.7. Suppose T is Abelian and split. Then if it factors through W , 
T is the Abelianization of X 



R 



nsx * nsx 



Proof. Suppose Z is Abelian and f: X ^ Z. Extend / to an H-map 
foo- 0,SX Z. Now consider the diagram: 



QV 



nsx 



(3.8) 



n{sx V sx) 
n{sx X SX) ^ nsx x nsx 



^z 



foo X/c 



^Z X Z 



Since the equivalence n{SX x SX) = nSX x nSX is an H-equi valence, 
all maps in this diagram are H-maps. Thus to check that it is homotopy 
commutative, it suffices to check the restriction to X V X, where both sides 
are /V. From this we conclude that {foo)^W ~ *, since nW = {nV){nuj) 
and {nj){nu!) ~ *. The hypothesis that tt factors though W implies that 

Now let g: T — > nSX be a right homotopy inverse to h. Since T is 
homotopy associative, h is an H-map, so h{l — gh) ~ *. This implies that 
there is a map s: nSX — )■ nR such that (07r)s ~ 1 — gh. Consequently 

foo - foogh ~ /oo(l - gh) ~ /oo(^^vr)s ~ *. 

So foo ~ foogh- Let / = foog- T Z. Let i' : X ^ nSX be the inclusion. 
Then fi = foogi ^ fooghi' ~ fooi' ~ / so / is an extension of /. To see that 
/ is an H-map, consider the diagram: 



nsx X nsx txt zxz 
nsx — ^ T — - — ^ z 



where the verticle maps are the H-space structure maps. The left hand 
square and the rectangle commute up to homotopy. Since h x h has a right 
homotopy inverse, the right hand square does as well so / is an H-map. To 
sec that / is unique, suppose /': T — >■ ^ is another H-map extending /. 
Then f'h: nSX — > Z is an H-map excluding /, so /'/i ~ fh. Since h has a 
right homotopy inverse, f'^f. □ 
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Corollary 3.9. Suppose T is Abelian and vr factors through W . Then there 
is a homotopy commutative diagram: 



R — ^ ^sx * nsx ^ R 




with (3a a homotopy equivalence. 

Proof. By 13.71 vr factors through W . To see that W factors through tt, 
consider the diagram (j3.8p with T in place of Z and h in place of f^o- It 
follows that h{^W) ~ *. So QW factors through Ovr. Since Q.SX * ^SX is 
a co-H space, W factors through vr. Thus we have constructed a and (3. It 
remains to show that /3a is an equivalence. Looping the diagram, we get: 

^R — ^ ^{VlSX * ^SX) ^ QR 




Since Qir induces a monomorphism in mod p homology {QI3){Qa) does as 
well. Since QR is of finite type, this implies that (0/3) (fia) induces an iso- 
morphism in mod p homology. Likewise (r2/3)(r2a) induces an isomorphism 
in rational homology, so it is an equivalence and f3a is an equivalence. □ 

Remark 3.10. When T is the Abelianization of X, the algebraic struc- 
ture can be described as follows: Let L be the free Lie algebra on H^[X; k) 
and U{L) its universal enveloping algebra. Then Hjf{nSX:,k) = U{L) and 
H^{T; k) = U {L/[L, L]). [L, L] C L is the free Lie algebra on the desuspen- 
sion ofH,{R;k) and H4nR;k) = U{[L,L]). 

Remark 3.11. Since H^,{QSX■,k) — )■ H^,(T;k) is the standard map from a 
tensor algebra to its Abelianization in the case that T is the Abelianization 
of X, H^:{il.R; k) is the universal enveloping algebra U{[L, L]) where L is the 
Lie algebra given by H^,{QSX; k). Thus the image of the map 

H^{R;k) H^{nSX;k) 

is [L, L] where L is H^,{nSX; k) considered as a Lie algebra L. 



4. 

In this section we will briefly review the known examples of spaces X with 
an Abelianization T. These occur in various places in the literature. They 
are all split and we will examine them in terms of the fibration sequence 13.11 

(a) X = 5^", T = R = *. T is Abelian iff p > 2. 

(b) X = = T, R = TT = [i, i] : 5^"+^ ^ 52n+2^ rj^ -g Abelian 
iff p > 3. 
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(c) X = J' ^ T2n{p') = the fiber of the degree 
map : S'^'"'^^ S'^^'^'^. The structure map is given by: 

where v: p2n+ij-^r-j _^ p2n+i(^pr-^ ^]^g identity map and 

This split ting firs t appeared in |(MN79[ 1.1]. T is Abelian if p > 3 ([Nei83]). 
(See also [GraOlj ). 

(d) X = 5^™ Ue e2"+\ T = the fiber of S9: ^ 52™+!^ r^^-g -g 
immediate generalization of (c), however the proof of the splitting is quite 
different ( |Gra01j ) and simpler. The structure map is given by: 



where u and v are defined similarly to (c) and the corresponding Whitehead 
products with coefficients in X are in the sense of [GraOOj . The proof that 
T is Abelian for p > 3 is due to Grbic ( |Grb06b ]). 

(e) X = 52"-iu<^„e2"P-2— 2np-2 skeleton of J^^^^n+i^ rj. ^ ^j^_^(^s^n-^, 
where Jp_i(5^") is the {p— l)st filtration of the James construction J{S'^'^) 

Jp_i(S2") = S^" U e^" U • • • U e2"(P-i) 

I{= \J g{2np~2)k+4n-l y \^ g{2np-2){k+l)+2n ^ 
k^O k^O 

is given by aS''\v){[u, u]) V aS''^^\v){u). Here by [u, u] we mean the com- 
position: 

g4n-l g2n _^ gj^ 

and by [w, for cj): 5™ SX, we mean the unique map (up to homotopy 
in the homotopy commutative square: 

g2np-2+m ^ 

(f>Vl 

S^x ^ S"" V SX. 

This result appears in a number of places ( |Gra93j . [GraOl] . [Har| ) . 

(f) X = S'2"+i Ua;„ e2"P-2 Upi e2 "-i— th e 2np - 1 skeleton of Q^^an+i^ 
this case T is the Selick space F2 ( |Sel81j ) given by the pull back: 

F2 172^2n+l 

H 

g2np~l s_ q2 g2np+l 
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This is the most comphcated example and has been thoroughly worked out 
by Grbic jGrbOGaj . 

(g) We might try to generalize this to other spaces in the nested sequence: 

However none of these spaces beyond F2 is the Abelianization of some 
space X. This is because in each case there is an indecomposable homology 
class X2 G H2np2-2iT;Z/p) such that {'P^)*{x2) G H^2np-2)p{T; Z/p) is de- 
composable. Thus X2 must lie in the image of i* : Z/p) H^{T; Z/p) 
modulo decomposables, while (7^^)*(x2) does not lie in the image of i*. 

(h) Let X be a p-local CW complex with i cells, each of which has odd 
dimension such that i < p — 2. Then X has an Abelianization ([T heOSj ). 
These spaces were first discussed in [CHZ79| . 

5. 

The origin of the study of Abelianization arose from an attempt to un- 
derstand the mapping properties of the Anick spaces T2n-i{p^) ( |Gra93) ). 
Recall that the space T2n{p^) is the Abelianization of the Moore space 
p2n+i(^r)_ It is clear fromE^lESl or [5j (below) that T2n-i{p'') is not the 
Abelianization of any subspace. Nevertheless, the considerations of |Gra93] 
suggest that it should have some universal mapping property. 

Definition 5.1. Let M{n,r) be the category of H-spaces Z such that there 
is a 1-1 correspondence between [P'^'^{p^), Z] and the set of homotopy classes 
of H-maps from T2n-i{p^) to Z. 

We seek to understand this category. Examining the proofs of l2.2l and l2.3l 
suggests that we first inquire as to which Eilenberg-MacLane spaces belong 
to M(n, r). We consider K{G,k) where G is a finitely generated Abelian 
group. The homotopy classes of H-maps from T2n-i{p'^) to K(G,k) are 
in 1-1 correspondence with PH^{T2n-i{p^)',G). It suffices to consider the 
cases G = Z(^.p-j and G = Z/p^ . 



Theorem 5.2. The primitive cohomology classes in T2„,_i(p'") are given by: 

' Zjp ifk = 2np'' s ^ 0, 
otherwise. 

Z/p if k = 2np^ and t ^ r + s, 
Z/p if k = 2np'^ — 1 and t ^ r + s, 
otherwise. 



(a) PH'{T2n^i{f)) 

(b) PH^{T2n-i{pn;Z/p') = { 

Proof, (a) {T2n-i{p>' )) 7^ iff A; = 2ni and the projection map: 

T2„_i(/)^J752-+i 

is onto in cohomology. Let G H'^^^ [VlS^"^^) be the dual of the fc*^ power 
of some chosen (and fixed) generator in iJ2n(^'S'^"^^). Then the diagonal 
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map is given by: 

i+j=k 

Let Vk be the image of in if^"'^(r2„-i(p'")). The order of is 
where i^(fc) is the number of powers of p in k. Suppose now that is an 
integer such that CKfeWfc is primitive. If A; = p^i with {p,() = 1 and £ > 1, 
fi*{vk) contains the term Vps (g) Vps(^£_i^ which has the same order as v^. So 
a^Vk cannot be a nonzero primitive in this case. However the middle terms 
of iJ,*{vps) all have orders where < i < p^ . These orders all divide 

pT+s-i g^jjjj include p^'^^"^ when i = p^"^. Thus p^'^^^^Vg generates the 
primitives and has order p. 
(b) From the exact sequence: 

^ iJ^-^-^Tsn-i; Z/p') 4 ij2-fc(r2„_i) ^ H^^\T2n-l) 

we see that if G H^"''^~^ {T2n-i; Zjp*) is primitive, 5(0) is as well, so if Q is 
nonzero, b{Q) = p'^^^~^Vps up to a unit. Consequently k = p^. If i ^ r + s, 
fps is also in the image of S, so 9 is divisible by Suppose 9 = p''+*~^7. 

Then the image of 9 under the homomorphism: 

fi*-7rl- -kI : ij2"P^-i(r2„_i; Z/p') ^ H^^P'-\T2n-i x T2n-i; Zip') 
must be zero since ii* factors through //2np''-i {^^^_^ AT2„_i; .^/p*) 

and all the elements of this group have order dividing p^^^~^ . So in case 
i ^ r + s, is primitive. Suppose on the other hand that d = r + s — i>0. 
We will show that there are no primitives in H'^'^'''^~^{T2n-i', Z/p'). To see 
this note that Z/p' is an injective Z/p' module. Consequently 

H'^iW; Z/p') ^ Uom{H^{W; Z/p% Z/p'). 

It follows that there is a nonzero primitive class 9 in i7^"^°^"'^(T2„_i; Z/p*) 
iff there is a class in H2np'> -i{T2n-i\ Z/p') which is not in the image of the 
homorphism: 

- TTi* - 7r2* : H2np^-l(T2n-l X T2n-i; Zjp') -)■ H2np^ -\^2n-V-, Z/p') 

A calculation with the homology Serres spectral sequence for the fibration: 

with Z/p* coefficients shows that there is a subalgebra 

Z/p' [v'; 2np*-'-] ® /\ {u'; 2np'-' - l) 

of H^{T2n-i', Z/p') . Since H2np'>-iiT; Z/p') has only one generator, it must 
be {v'y ~^u' up to a unit. This is in the image of /x* — tti* — 7r2* iff d > 0, 
so PH'^^P"-^{T2n-i; Z/p') = when d>0. □ 

Corollary 5.3. Suppose E is a generalized Eilenberg-MacLane space. Then 

E G M(n, r) iffMs > ^ we have: 

(a) p^+'-^Tr2np^{E) = 

(b) the torsion subgroup of Tr2np« -i{E) has exponent at most p^'^^~^ . 
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Proof. Since there are H-maps: 

with /SfcOfe ^ I, E £ M{n,r) iff K{Gk,k) £ M{n,r) for each k. This is 
trivial if /c ^ 2n. Thus for k > 2n this is equivalent to the statement that 
there are no nontrivial H -nicips from T2n—i 

(p*") to K{Gk,k). It suffices to 
check this in the cases Gk = Z^^p^ and Gk = Z/p*. We apply (521 There is 
a nontrivial H-map from T2n-i{p^) to K{Z^j,-^,k) iff = 2np^ with s ^ 1 
so this condition is equivalent to the statement that iT2np''{E) is a torsion 
group for each s ^ 1. There are no nontrivial H-maps from T2„_i(p'') to 
K{Z/p*, k) iff t < r + s whenever k = 2np'^ or 2np'^ — 1 with s ^ 1. □ 

The problem with targets that are Eilenberg-MacLane spaces is conse- 
quently not one of existence but of uniqueness. The next result shows that 
these conditions affect uniqueness in a more general context. 

Theorem 5.4. Suppose fi,f2- T2n-i{'p') Z are two H-maps extending 
f: Z, where Z is an Abelian H-space. Suppose also that for each 

s ^ I: 

(a) p'+'-'7r2np'{Z) = 

(b) the torsion subgroup o/ 7r2nps-i(-^) has exponent at most p'"^^^^ 
then /i ~ /2. 

Proof. Let g = fi — f2- Since Z is Abelian, g is an H-map. Let Z'™! be the 
m**^ Postnikov section of Z and let 

be the projection. We will show by induction on n that TTmg ~ *• This is 
clearly true when m ^ 2n. Consider the fibration sequence: 

i^(7r„+i(Z),m + 1) ^ -> ZH ^ i^(vr„^i(Z),m + 2). 

Assuming that TTmg ~ * we can factor iTm+ig through K{TTm+i{Z),m + 1). 
Choose any map 7: T2n-iip^) — > i^(vrm+i(Z), m + 1) with ~ T^mg- We 
claim that 7 is an H-map. Let 

6{j): T2„,-i(/) Ar2„_i(/) ^ K{7Tm+i{Z),m + l) 

be the H-deviation. Since ^(7) is an H-map and d is an H-map (^(7) factors 
through Qkm'- 

r2„_i(/) A T2n-i{pl A OmegaZH ^ K[-Km+i{Z),m + 1). 
e is adjoint to the composition: 

5T2„_i(/) A T2n-i[pn ^ ZH ^ K{^m+2{Z),m + 2). 

By [GTlOt 4.5], ST2n-i{jp'^') ^T2n-i{jp'') is a one point union of Moore spaces 

up to homotopy. However for each Moore space P^ and map : 

we have km'P ~ *; this follows since any nontrivial map ip: P^ ^ Z^"^ could 
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only occur when i ^ m + 1. consequently 7 is an H-map. Applying 15.31 we 
see that 7 ~ * so iTm+ig ~ *• Since H^{T2n-i{p'')) is finite for each k, there 
are no phantom maps (See [Gra65j or |Gra66j ). Thus 5 ~ *. □ 

The conditions (a) and (b) in 15.31 and 15.41 will clearly play a role in the 
eventual understanding of the mapping properties of T2„,_i. We note the 
following. 

Lemma 5.5. Suppose Y is of finite types and b > 0. Then 
p'^TTmiY; Z/a + 6) = iff p""T^m{X) — ^^'^ ^he torsion in TTm-iiY) has 
order at most p"". 

Proof. Consider the ladder of long exact sequences: 



7r„(y;Z/p'^+^) -7r„_i(r) 



TTm-liY) 



(A) 



TTmiY) 



TT^iY;Z/p' 



TTm^liY) 



TTra-liY). 



Assume first that p""7Tm{Y; Z/p""^^) = 0. Then from square (B) we see 
that p°"Km{Y) C p"'^^7rm{Y). Since 6 > 0, this implies that the elements 
of p'^TTm{Y) are divisible by arbitrarily high powers of p. Since Y is of 
finite types, we conclude that p""KmiY) = 0. Suppose there is an element 
€ TTm-i{Y) of order where n > a. Then 

SO is in the image of iTmiY; Since p"7r„(y; Z/p''+'') = 0, 
it follows that p""^^ = = 0- 

Conversely suppose that p"'Trm{Y) = and all torsion in Trm-i{Y) 

has order dividing p"". Let ^: p^(j)°-+^^ Y represent an element of 
TTmiY; Z /p"-^'^). Consider the diagram: 



5" 




5" 



^m~l 

Let ^' be the restriction of ^ to 5"""^. Since = 0, S^' has finite order. 

By hypothesis p"^" = so an extension : S"" — )• Y exists. By hypothesis 
pa^rr _ Q gQ j^j^g middle horizontal composition is null homotopic. This 
composition is p""^. □ 

Definition 5.6. A space Y is (n, r)-subexponential if for each s ^ 1 
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With this definition in hand, we have: 

Theorem 5.7. (a) If Z is any space which is (2n,r)-subexponential, then 
every map f: P^"(p'") QZ extends to a map f: T2„__i(p^) Z. 
(b) If Z is a {2n,r)-subexponential H-space and there is an H-map 

f: T2n-l{pl ^ Z 

extending f: — t- Z, then f is unique up to homotopy. 

Proof. Part (a) fohows directly from [AG951 4.7]. Part (b) fohows from 15.41 



andE3 □ 

6. 

In this section we wih discuss some of the possible options for a universal- 
ity property for T2n-i{p^)- We begin with the observation that ST2n-i{p^) 9^ 
p2n+i^pr^_ In fact, there is a space G2n{p^) which is a retract of ST2n-i{p^) 
and C G2n{p^) C ST2n-i{p^)- G2n{p^) contains cells of dimension 

2np* and 2np* + 1 for each i ^ and no other cells in positive dimensions 
([GTini 4.4c]). In particular, there is no map 0: T2„^i{p'') riP^n+i^^r^, 
which induces an isomorphism in 7r2n-i- In terms of l5.7r a) this is correlated 
to the fact that ([CMH79]): 

p'7T2np-li^P^''+'{pl;Z/p-+') + 0. 

We might ask for an H-map: 

T2n-x[f)^^^P''^^\f) 

inducing an isomorphism in TX2n-\- There clearly is a map since SG2nip^) 
splits as a one point union of Moore spaces ( [GTlOl 4.5]). 

Proposition 6.1. There is a unique H-map f: T2„_i(p*) ri^P^"'"'"^(p'') 
extending the inclusion of P'^^{p^) iff the suspension map: 

T2„-i(/) Ai7r2„(/) 

is an H-map. 

Proof. If E is an H-map, we compose E with the loops on the map 

g:T2n{pl^^P^''^\pl 

(example 4c) to obtain 

r2„_i(/) ^ or2„(/) % n^p^^+\pn. 

Conversely, since T2n{p^) is a retract of Q.P'^'"'^'^{p^') we see that we can 
construct an H-map 

In fact, there is only one possible H-map T2n-iip^) — >• ilT2„(p'") and only 
one possible H-map T2n-i{p^) Q'^P'^^^'^{p^) extending respectively the 
inclusions of P^" (p^ ) by [SZtb) . □ 
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Proposition 6.2. Suppose T2n-i{p^) is homotopy associative. Then the 
suspension map 

is an H-map. 

Note: In [TheOH 1.2], the author states that T2n-i{p^) is homotopy asso- 
ciative for p ^ 5. Unfortunately, the argument given rehes on some of the 
same assertions that appear in the universaUty argument and more details 
are needed to justify this claim. 

Proof. The inclusion G2n ST2n-i yields the homotopy commutative dia- 
gram of fibrations (as in 13. ip 

^ST2n-l ^ > T2n-l ^ T2n-1 * T2n-l ^ ST2n-l 

^G2n ^ T2n-l ^ R ^ G2n- 

(See also [GTlOl 4.4].) Since T2n-i is homotopy associative, 
is an H-map; now h: flG2n ^2^-1 is the composition: 

^G2n ^ST2n-l ^ T2n~l 

SO h is also an H-map. Also from |GT101 4.4] we have a homotopy commu- 
tative diagram of fibration sequences: 

^G2n ^ T2n-1 *" R ^ G2n 

E 

^Gm *~ ^T2n *~ E *~ Gfn ^ T2n- 

□ 

From this we see that Eh ~ ^lip is an H-map. Now consider the diagram: 

^ ^ ^ ^ _ /l X /l . I ■ , ■ , ^ ^ ^ 

ilG2n X iiLr2ri, ^ J2n-1 X J-2n-l ^ "22„ X ilT2n 

^G2n ^ T2n-1 ^ ^^72„. 

Since Eh is an H-map, the rectangle commutes up to homotopy. Since h is 
an H-map, the left square does as well. But then since h x h has a right 
homotopy universe, the right hand square does and E is an H-map. 

Proposition 6.3. Suppose Z is a double loop space and Z is (2n,r)- 
exponential. Then each map f: P^"(p^) — > Z has a unique extension to 
an H-map f: T2n-i{p^) Z iff E: T2n-i{p^) ^T2n{p^) is an H map. 
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Proof. Suppose £' is an H map and /: P'^^{p^') — )■ Z. Since Z is a double 
loop space, we can extend / to an H map: 

J. J)2p2n+2(^r) ^ ^ 

Since T2n{p^) is a retract of QP^'^~^'^{p^'), we can form / as the composition: 

T2„-i(/) A nT2n{p') ^ n^p^^^^p') A z. 

By 15.41 / is unique. 

Conversely, if extensions all ways when the target is an (n, r)- 
subexponential double loop space, we can construct an H map: 

T^n-iipl^n^p'^-^^ipl 

since p'^TT2np-i{^'^P'^^^'^{p^)', Z/p^'^^) = 0. Now compose this map with the 
loops on the map Op2n+2(^r) ^ T2n{p''). □ 

Corollary 6.4. If T2n-i{p^) is homotopy associative and Z is a double loop 
space which is (2n,r)-subexponential, then each map /: P"^{p^) — >■ Z extends 
uniquely to an H-map f: T2n-i{p^) Z . 

This is a desirable universal property. However, it is not sufficient for the 
program in |Gra93j . For that purpose we would need to know that Tm{p^) 
is an acceptable target for any m. 

We propose the following strengthening of I5.6[ 



Definition 6.5. A space Z is strongly (n, r)-subexponential if p''~^'^iTi{Z) = 
for all i ^ np^~^^ and A; ^ 0. 

Conjecture 6.6. p2"(p'^) — >■ T2n—iip^) is universal for targets which are 
strongly (2n, r)-subexponential Abelian H spaces. 

Proposition 6.7. T2n-i{p^) is strongly {2n, r)-subexponential. 

Proof. Consider the fibration sequence: 

Wn ^ T2n^l{f) ^ ^T2n{pn 

from ( |Gra93j . |AG95j . [GTlOj ). By the results of Cohen, Moore and Neisan- 
dorfer |CMN79j . piTiiWn) = 0. Neisendorfer has proven that 

/vri(r2„(/)) = 

( |Nei83] ) ■ so we conclude that 

/+V,(r2„_i(/)) = o. 

Thus it suffices to show that 

p'^'n'i(T2n-iip'')) = ioiis^2np. 

For i ^ 2np, 7rj(VFn) = except when i = 2np — 3 and (in case p = 3) 
i = 2np. We will examine these groups. According to ( |AG95] . |GT10] ). 
T2n-i is a retract of ^lG2n- The 2np + 1 of G2n is: 

P2"+1(/)UCP2"P (/+!). 
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Now 7r2„p_3(r2„-l(p0) C Tl2np-2{G2n) = ^2np~2{P'^''+^ {f)) ■ This grOUp 

has order at most p'' . Likewise 'K2np{T2n-i{p')) is contained in 'K2np+i{G2n) 
which is a quotient of 7r2„p+i(P^'^''~^(p'")). This group also has exponent p'' . 

□ 

If conjecture 16.61 holds, we could show that p^ ■ 7r*(T2„_i(p^')) = and 
consequently each map /: P'^~^^{p^) — )• Tj has a unique extension to an 
H-map /: Tmip^) Ti. This is sufficient for the purposes of |Gra93j . 

It is interesting to note that this condition is precisely the conclusion of 
a theorem of Barratt [Bar60| . 

Theorem 6.8 (Barratt). Suppose SX is n-connected and has characteris- 
tic p"^ . Then SX is strongly {n,r)-subexponential. 

This invites the question of whether other n-connected suspensions of 
characteristic support a map to an Abelian H-space which is universal 
for targets that are strongly (n, r)-subexponential H-spaces. Proposition ll.il 
suggests that if so, these Abelian H-spaces would have homology which is a 
symmetric algebra. 
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